We first generate ray class fields over imaginary quadratic fields in terms of Siegel-Ramachandra invariants, which would be an extension of Schertz's result [12] . And, by making use of quotients of Siegel-Ramachandra invariants we also construct ray class invariants over imaginary quadratic fields whose minimal polynomials have relatively small coefficients, from which we are able to solve certain quadratic Diophantine equations.
Introduction
Let K be an imaginary quadratic field, f be a nonzero integral ideal of K and Cl(f) be the ray class group of K modulo f. Then by class field theory there exists a unique abelian extension of K whose Galois group is isomorphic to Cl(f) via the Artin map
We call it the ray class field of K modulo f which is denoted by K f . Since any abelian extension of K is contained in some ray class field K f , generation of ray class fields of K is the key step toward the Hilbert's 12th problem. In 1964, Ramachandra ([11, Theorem 10] ) constructed a primitive generator of K f over K by applying the Kronecker limit formula. However, his invariants involve products of high powers of singular values of the Klein forms and the discriminant ∆-function, which are quite complicated to use in practice. On the other hand, Schertz tried to find rather simpler generators of K f over K for practical use. And, he conjectured that the Siegel-Ramachandra invariants would be the right answer and gave a conditional proof ( [12, Theorem 3 and 4] ).
In this paper we shall first generate ray class fields K f over K via Siegel-Ramachandra invariants by improving Schertz's idea (Theorem 4.6). And, by making use of quotient of Siegel-Ramachandra invariants we shall also construct a primitive generator of K f over K whose minimal polynomial has relatively small coefficients and present several examples (Theorem 5.4, Remark 5.6 and Example 5.8, 5.9). This ray class invariant becomes a real algebraic integer with certain conditions (Lemma 6.2 and Theorem 6.3). Lastly, we will apply the real ray class invariant to solving certain quadratic Diophantine equations (Theorem 6.3 and Example 6.6, 6.7). Notation 1.1. For z ∈ C we denote by z the complex conjugate of z and by Im(z) the imaginary part of z, and put q z = e 2πiz . If G is a group and g 1 , g 2 , . . . , g r are elements
of G, let g 1 , g 2 , . . . , g r be the subgroup of G generated by g 1 , g 2 , . . . , g r , and G n be the subgroup {g n | g ∈ G} of G for n ∈ Z >0 . Moreover, if H is a subgroup of G and g ∈ G,
we mean by [g] the coset gH of H in G. The transpose of a matrix α is denoted by t α.
If R is a ring with identity, R × indicates the group of all invertible elements of R. For a number field K, let O K be the ring of algebraic integers of K and d K be the discriminant of K. If a ∈ O K , we denote by (a) the principal ideal of K generated by a. When a is an integral ideal of K, we mean by N (a) the absolute norm of an ideal a. For a positive integer N, we let ζ N = e 2πi/N be a primitive N-th root of unity.
Shimura's reciprocity law
We shall review an algorithm for finding all conjugates of the special value of a modular function over an imaginary quadratic field by utilizing Shimura's reciprocity law. For a lattice L in C, the Weierstrass p-function is defined by
Let H = {z ∈ C | Im(z) > 0} be the complex upper half-plane. For τ ∈ H, we let Then the j-invariant is defined by
For a rational vector r 1 r 2 ∈ Q 2 \ Z 2 , we define the Fricke function by f [ 
r 2 ] (τ ) :
We call F N the modular function field of level N over Q. Then the function field C(X(N)) on the modular curve X(N) = Γ(N)\(H ∪ P 1 (Q)) is equal to CF N , and F N consists of all functions in C(X(N)) whose Fourier coefficients lie in the cyclotomic field Q(ζ N ) ([9, Chapter 6 §3]). As is well-known, F N is a Galois extension of F 1 = Q(j(τ )) and (2.1) Gal(F N /F 1 ) ∼ = GL 2 (Z/NZ)/{±I 2 } ∼ = G N · SL 2 (Z/NZ)/{±I 2 }, where
More precisely, the element
where n≫−∞ c n q n N τ is the Fourier expansion of a function in
where γ is a preimage of γ of the reduction SL 2 (Z) → SL 2 (Z/NZ)/{±I 2 } ([9, Chapter 6, Theorem 3]). Now let K be an imaginary quadratic field of discriminant d K and set
Proposition 2.1. When f = NO K for a positive integer N, we have
where F N,θ = {h ∈ F N | h is defined and finite at θ}. If N = 1, then K (1) is nothing but the Hilbert class field of K.
Proof. [9, Chapter 10 §1, Corollary].
For a positive integer N we define a subgroup W N,θ of GL 2 (Z/NZ) by
Then we have the following proposition.
Proposition 2.2. We attain a surjective homomorphism
whose kernel is
On the other hand, observe that the subgroup
Proposition 2.3. Let N be a positive integer and ω ∈ O K which is prime to N. Write ω = sθ + t with s, t ∈ Z. Then, for h ∈ F N,θ we obtain
where
Proof. [14, Theorem 6 .31].
We denote for convenience a quadratic form aX
Let C(d K ) be the form class group of discriminant d K . Then we identify C(d K ) with the set of all reduced quadratic forms, namely
we let
Further, we define β Q = (β p ) p ∈ p GL 2 (Z p ) as follows:
Proposition 2.4. For a positive integer N, we achieve a one-to-one correspondence
Here, α is the preimage of α of the reduction
and the action of β Q on F N is described by the action of β ∈ GL 2 (Z/NZ)/{±I 2 } so that
Proof. It is immediate from Proposition 2.2 and [3, §4].
Siegel-Ramachandra invariants
In this section we shall introduce the arithmetic properties of Siegel functions and describe some necessary facts about Siegel-Ramachandra invariants for later use.
For a rational vector r = r 1 r 2 ∈ Q 2 \ Z 2 , we define the Siegel function g r (τ ) on H by the following infinite product
where B 2 (X) = X 2 − X + 1/6 is the second Bernoulli polynomial and z = r 1 τ + r 2 . Then it has no zeros and poles on H ( [15] or [8, p.36] ). The following proposition describe the modularity criterion for Siegel functions.
Proposition 3.1. Let N ≥ 2 be a positive integer and {m(r)} r=[
Z 2 \Z 2 be a family of integers such that m(r) = 0 except for finitely many r. A finite product of Siegel functions ζ
.
Proof. [8, Chapter 3, Theorem 5.2 and 5.3].
where X is the fractional part of X ∈ R such that 0 ≤ X < 1 and r = r 1 r 2 .
(ii) g r (τ ) 12N belongs to F N . Moreover, α ∈ GL 2 (Z/NZ)/{±I 2 } acts on it by
Proof. Let L be a lattice in C and t ∈ C \ L be a point of finite order with respect to L. We choose a basis [ω 1 , ω 2 ] of L such that z = ω 1 /ω 2 ∈ H and write
And, we define a function
r 2 ] (z), which depends on the choice of ω 1 , ω 2 . However, by raising 12-th power we obtain a function
Now let K be an imaginary quadratic field of discriminant d K , f be a nontrivial proper integral ideal of K and N be the smallest positive integer in f. For C ∈ Cl(f), we define the Siegel-Ramachandra invariant of conductor f at C by
where c is any integral ideal in C. This value depends only on f and the class C, not on the choice of c.
(ii) We have the transformation formula
where σ is the Artin map stated in (1.1).
Proof. Further, we let a be an integral ideal of K which is not divisible by f. For a class C ∈ Cl(f), we define the Robert invariant by
where c is any integral ideal in C. This depends only on the class C. Note that u a (C) belongs to K f , but it is not necessarily a unit ([8, Chapter 11, Theorem 4.1]). We shall take products of such invariants with a linear condition in order to get units. Let C 0 be the unit class in Cl(f) and R * f be the group of all finite products
taken with all integral ideal a of K prime to 6N satisfying a m(a)(N (a) − 1) = 0. Then
Let ω K f be the number of roots of unity in K f and define the group
where a C is any integral ideal in C prime to 6N and the exponents n(C) are integers. The value N (a C ) (mod ω K f ) does not depend on the choice of a C ([8, Chapter 9, Lemma 4.1]), and so the group is well-defined.
Proposition 3.4. We have
Proof. 
Let f be a nontrivial integral ideal of K and χ be a character of Cl(f). The conductor of χ is defined by the largest ideal g dividing f such that χ is obtained by a composition of a character of Cl(g) and the natural homomorphism Cl(f) → Cl(g), and we denote it by f χ . Similarly, if χ ′ is a character of (O K /f) × then we define the conductor of χ ′ by the largest ideal g dividing f for which χ ′ is induced by a composition of a character of
and denote it by f χ ′ .
The map
is a well-defined homomorphism whose kernel is
For a character χ of Cl(f), we derive a character χ ′ of (O K /f) × by composing with the map (3.1). Then, by definition f χ = f χ ′ is immediate. Now let χ be a nontrivial character of Cl(f) with f = O K and χ 0 be the primitive character of Cl(f χ ) corresponding to χ. We define the Stickelberger element and the L-function for χ by
respectively. The second Kronecker limit formula explains the relation between the Stickelberger element and the L-function as follows:
is the number of roots of unity in K which are ≡ 1 (mod f χ ) and
Remark 3.7. Since χ 0 is a nontrivial character of Cl(f χ ), we obtain L fχ (1, χ 0 ) = 0 ([4, Chapter V, Theorem 10.2]). Furthermore, the Gauss sum T γ (χ 0 ) is also nonzero ([9, Chapter 22 §1, G 3]). If every prime ideal factor of f divides f χ then we understand the Euler factor p | f, p ∤ fχ (1 − χ 0 ([p])) to be 1, and hence we conclude S f (χ, g f ) = 0.
Generation of ray class fields by Siegel-Ramachandra invariants
We shall improve in this section the result of Schertz [12] concerning construction of ray class fields by means of Siegel-Ramachandra invariants.
Let K be an imaginary quadratic field of discriminant d K and ω K be the number of roots of unity in K. For a nontrivial integral ideal f of K, we regard ω(f) as the number of roots of unity in K which are ≡ 1 (mod f). Let φ be the Euler function for ideals, namely
where h K is the class number of K.
Proof. [10, Chapter VI, Theorem 1].
Lemma 4.2. Let H ⊂ G be two finite abelian groups, g ∈ G \ H and n be the order of the coset [g] in G/H. Then for any character χ of H, we can extend it to a character ψ of G such that ψ(g) is any fixed n-th root of χ(g n ).
Proof. [13, Chapter VI, Proposition 1]. Now, let f be a nontrivial proper integral ideal of K with prime ideal factorization
and C 0 be the unit class in Cl(f). Consider the quotient group
Then one can view G as a subgroup of Cl(f) via the map (3.1). For each i, we set
Proposition 4.3. Assume that |G i | > 2 for every i. Then, for any class C ( = C 0 ) ∈ Cl(f) there exists a character χ of Cl(f) such that χ(C) = 1 and p i | f χ for all i.
Proof. Since C = C 0 , there is a character χ of Cl(f) such that χ(C) = 1. We set n to be the order of C in the quotient group Cl(f)/G. Then C n = [(β)] for some β ∈ O K which is relatively prime to f. Suppose that f χ is not divided by p i for some i.
then we can find a nontrivial character ψ of (O K /p
we are able to extend ψ to a character
K } and so ψ ′ becomes a character of G. It then follows from Lemma 4.2 that we can also extend ψ ′ to a character ψ ′′ of Cl(f) such that ψ ′′ (C) = 1. Now
In a similar way, one can extend ψ to a character ψ ′′ of Cl(f) in such a way that f ψ ′′ is divisible only by p i and ψ ′′ (C) = χ(C) −1 . Therefore, the character χψ ′′ of Cl(f) satisfies χψ ′′ (C) = 1, p i | f χψ ′′ and f χ | f χψ ′′ in both cases. By continuing this process for all i, we achieve a desired character in the end. i satisfies one of the following conditions:
• 2 is not inert in K, p i is lying over 2 and n i = 1, 2 or 3.
• 3 is not inert in K, p i is lying over 3 and n i = 1.
• 5 is not inert in K, p i is lying over 5 and n i = 1.
• p i is lying over 2 and n i = 1, 2, 3 or 4.
• p i is lying over 3 and n i = 1.
• p i is lying over 5 and n i = 1.
• p i is lying over 2 and n i = 1 or 2.
• p i is lying over 3 and n i = 1 or 2.
• p i is lying over 7 and n i = 1.
• p i is lying over 13 and n i = 1.
Proof. First, we note that
Let p i be a prime number such that p i is lying over p i . It then follows from (4.1) that
where (
Here we observe that 2 is inert in K and 3 is ramified in K, so to speak,
Therefore, the lemma follows from (4.2)∼(4.8).
Remark 4.5. If 2 is not inert in K, p i is lying over 2 and
Indeed, we see from Proposition 4.1 that
Since φ(p
in this case, we obtain the conclusion.
From now on we assume that
for every i and let N f be the number of i such that |G i | = 1 or 2. After reordering prime ideal factors of f if necessary, we may suppose that |G i | = 1 or 2 for i = 1, 2, . . . , N f . For any intermediate field F of the extension K f /K we mean by Cl(K f /F ) the subgroup of Cl(f) corresponding to Gal(K f /F ) via the Artin map σ stated in (1.1).
Theorem 4.6. Let f be a nontrivial proper integral ideal of K with prime ideal factor-
for every i and (4.10)
Then for any class C ∈ Cl(f) and any nonzero integer n, we get
On the contrary suppose that F is properly contained
Then we claim that there exists a character χ of Cl(f) satisfying χ| Cl(K f /F ) = 1 and p i | f χ for i = 1, 2, . . . , N f . Indeed, we deduce that (4.11)
Thus if N f = 0, the claim is clear. Observe that a trivial character is not contained in the set stated in (4.11). Now assume N f ≥ 1 and let First, we suppose N f = 2. Then we derive that
characters χ of Cl(fp Since f has at least two prime ideal factors, we achieve that
characters χ of Cl(fp
Here we note that ω(fp
, and ω(fp
) = ω K in this case. Using this fact one can check that if the assumption (4.10) holds then (4.12)
Thus for any N f ≥ 1 we have M 1 > M 2 and so the claim is proved. Furthermore, the proof of Proposition 4.3 shows that there is a character ψ ′′ of Cl(f) for which χψ ′′ | Cl(K f /F ) = 1, f χ | f χψ ′′ and p i | f χψ ′′ for all i. So, by replacing χ by χψ ′′ , we get a character χ of Cl(f) satisfying χ| Cl(K f /F ) = 1 and
Since χ is nontrivial and f χ = O K , we have S f (χ, g f ) = 0 by Proposition 3.6. On the other hand, we induce that
(by Proposition 3.3) . Here, p (p) stands for a prime ideal of K lying over a prime number p. Therefore we are able to establish Theorem 4.6 again under the above condition.
Ray class fields by smaller generators
In this section we shall construct ray class invariants over imaginary quadratic fields whose minimal polynomials have relatively small coefficients.
Let K = Q( √ −d) be an imaginary quadratic field with a square-free integer d > 0, f be a nontrivial proper integral ideal of K and θ be as in (2.3) . In what follows we adopt the notations of Section 4. Proof. It is immediate from Proposition 2.1 and 3.1.
i for an integer N ≥ 2 and p be an odd prime dividing N (if any). Assume that K f = K fp −n i i for every i. Then there is an element β ∈ O K prime to 6N for which N K/Q (β) ≡ 1 (mod ω K f ) and the ray class [(β)] ∈ Cl(f) is of order k p , where
Here (
) is the Kronecker symbol.
Proof. Let 
for each integer n ≥ 2.
Case 1. First, suppose that p ∤ d K and ord p (N) = 1. Note that the map
by the Chinese remainder theorem. We observe that ω ′ is prime to 6N,
When N = p, we derive that
Therefore we can find β ∈ O K with the desired properties.
And we claim that
since p is an odd prime and
for every i. Thus the ray class [(β)] ∈ Cl(f) is of order p as desired. 
where β ′ = sθ + t with s, t ∈ Z and
. We then claim that there exists a character χ of Cl(f) such that χ| Cl(K f /F ) = 1, χ(C ′ ) = 1 and p i | f χ for every i. Indeed, one can achieve
And, it follows from (4.11) that
Thus there is a character χ of Cl(f) satisfying χ| Cl(K f /F ) = 1 and χ(C ′ ) = 1. Since
we may write
of prime order ℓ satisfying χ(C ′′ ) = 1. Here, we assume that f χ is not divided by p i for some i. We then consider the following two cases: can extend ψ to a character ψ ′ of G whose conductor is divisible only by p i . Since 
And, we replace χ by
, we can choose a trivial character ψ 1 of the proper subgroup [β ′′ + p
And by using Lemma 4.2 we can extend ψ 1 to a nontrivial character ψ of G i such that ψ(β ′ + p
(ii) Now assume that
i ] and p = ℓ. And we see that p, ℓ > 3 by hypothesis. Let ψ 1 be a character of
are distinct nontrivial characters of G i and we derive
for some 1 ≤ j 1 , j 2 ≤ p − 1, then ζ s(j 1 −j 2 ) p = 1 and so j 1 = j 2 . Hence we have
We choose a character ψ of G i in the above set.
Therefore, in any cases we can extend ψ to a character ψ ′′ of Cl(f) in a similar fashion, and it satisfies χψ
replace χ by χψ ′′ .
By continuing this process for every i, we get the claim. Since χ is nontrivial and p i | f χ for every i, we have S f (χ, g f ) = 0 by Proposition 3.6 and Remark 3.7. On the other hand, we deduce that
(by Proposition 3.3)
because χ is nontrivial on Cl(K f /F ). And, it yields a contradiction since χ(C ′ ) − 1 = 0.
Therefore, we conclude F = K f . If f = NO K for a positive integer N ≥ 2 and β ′ = sθ + t is prime to 6N with
Then we have by definition
by Proposition 2.3, 3.2 and 3.3. Therefore,
and hence we get the conclusion by Lemma 5.1. 
• 2 is inert in K, p i is lying over 2 and n i = 1.
• 3 is not inert in K, p i is lying over 3 and n i = 2.
• 7 is not inert in K, p i is lying over 7 and n i = 1.
• p i is lying over 3 and n i = 3.
• p i is lying over 19 and n i = 1.
for every C ∈ G \ {1}. Then we may consider only the Case 1 in the proof of Theorem 5.4. Thus one can prove that Theorem 5.4 is still valid for any prime p with the assumptions K f = K fp −n i i and |G i | > 2 for every i.
(ii) Let f = NO K for a positive integer N ≥ 2 and ℓ be an odd prime dividing N.
For any odd prime p dividing k ℓ , there exists β ′ ∈ O K prime to 6N for which The following corollary would be an explicit example of Theorem 5.4.
Corollary 5.7. Let f = NO K for a positive integer N ≥ 2 and p be an odd prime dividing N (if any). Further, we set β ∈ O K as in (5.1) and
, |G i | > 2 for every i and p 2 divides Nd K .
(i) If p = 3 and |G i | > 3 for every i, then the special value
Proof. Note that β is prime to 6N, N K/Q (β) ≡ 1 (mod ω K f ) and the ray class
Here we observe that g f (C 0 ) = g 0 1/N (θ) 12N by definition and
by Proposition 2.3, 3.2 and 3.3. Since ζ N ∈ F N , we see that the functions
belong to F N by Proposition 3.1. Thus its special value at θ lies in K f = K (N ) by Proposition 2.1, and so it generates K f over K.
(ii) If p > 3, then we may write
we attain (τ ) 3 belongs to F 9
and so we can find all conjugates of γ over K by using Proposition 2.4. Therefore, we derive the minimal polynomial of γ over Q as which claims that γ is a unit as desired.
On the other hand, the Siegel-Ramachandra invariant
108 also generates K (9) But, we notice here that the coefficients of min(γ, Q) are much smaller than those of min g 0 1/9
(θ) 108 , K .
(ii) Let f = 5O K . Then 5 is inert in K and so |G i | > 3 for every i. By Lemma 5.2 we get an element β ∈ O K prime to 30 for which N K/Q (β) ≡ 1 (mod ω K f ) and the ray class [(β)] ∈ Cl(f) is of order 3. Indeed, β = 6 √ −5 + 7 satisfies these conditions. Since β = 12θ + 13, the special value and hence we can find all conjugates of γ over K in a similar way as in (i). And, the minimal polynomial of γ over Q is On the other hand, the Siegel-Ramachandra invariant
also generates K (5) over K by Theorem 4.6 and its minimal polynomial over K is
Example 5.9. Let K = Q( √ −5) and θ = √ −5. Then the class number h K is 2.
(i) Let f = 4O K . Then 2 is ramified in K and hence |G i | > 2 for every i. Since 
for every C ∈ G \ {1}. Thus we see from Remark 5.6 that
. Thus we have
And, it follows from Proposition 4.1 that [K (8) : K] = 32 and [K (4) : K] = 8, and so we attain
Therefore, the minimal polynomial of γ over Q is
On the other hand, we deduce
(ii) Let f = 5O K . Then 5 is ramified in K and hence |G i | > 2 for every i. And, we induce
Observe that
in this case. Therefore, we obtain the minimal polynomial of γ over Q as follows: 
Application to quadratic Diophantine equations
Let n be a square-free positive integer, K = Q( √ −n) and θ be as in (2.3). We assume
. By means of ray class invariants over K, Cho [1] provided a criterion whether a given odd prime p can be written in the form p = x 2 + ny 2 for some x, y ∈ Z with additional conditions x ≡ 1 (mod N), y ≡ 0 (mod N ) for each positive integer N. is a real number.
(ii) For t ∈ Z,
is a real number.
Proof. We obtain by definition (ii) When N is even, we set C ′ = ((N/2)θ + t) ∈ Cl(f) with t ∈ Z such that t 2 ≡ 1 (mod N). We further assume that
for every C ∈ G \ {1}. If 4 divides Nn, then the special value 
. (ii) Now that N 2 θ + t 2 ≡ − Nn 4 N + tNθ + t 2 ≡ 1 (mod NO K ), the ray class C ′ is of order 2 in Cl(f). Then it follows from Remark 5.6 that
. by Proposition 2.1 and 3.1. Since γ 3N = g f (C ′ )/g f (C 0 ), the special value γ also generates K (N ) over K and is a real algebraic integer by Lemma 6.2.
In particular, if 4 divides N then we have for every C ∈ G \ {1}. Thus the special value γ = e πi 4
